Abstract. The crack tip driving force of a crack growing from a pre-crack that is perpendicular to and terminating at an interface between two materials is investigated using a linear fracture mechanics theory. The analysis is performed both for a crack penetrating the interface, growing straight ahead, and for a crack deflecting into the interface. The results from finite element calculations are compared with asymptotic solutions for infinitesimally small crack extensions. The solution is found to be accurate even for fairly large amounts of crack growth. Further, by comparing the crack tip driving force of the deflected crack with that of the penetrating crack, it is shown how to control the path of the crack by choosing the adhesion of the interface relative to the material toughness.
Introduction
Thin aluminium foil and polymer laminate composites have proved their usefulness and high potential through many applications in various fields. In particular for packaging materials, components made from laminated materials are frequently designed to withstand extreme loads, not the least during the production. A better understanding of the failure mechanisms is useful for the design process and the production process of laminate with these components. An important task in the present work is to study in detail the fracture behavior of a crack situated in an aluminium foil (Al-foil) layer and terminating at the interface between this and a low density polyethylene (LDPE) laminate.
Many investigations of the interaction between a crack and an interface have been performed. One of the earliest works on the subject was made by Zak and Williams [1] . Later, Wang and Ståhle [2] used a dislocation simulation to extend the analysis to finite cracks and, recently, Chen et al. [3] have studied a similar problem for a finite body. By applying a finite element method, [4] [5] [6] presented different analyses of stress intensity factors and energy release rates for cracks in different bi-materials.
The present work applies a finite element method to analyze the crack tip driving force of a precrack that penetrates or deflects to follow the interface between a stiff and a weak material. The material properties of an Al-foil/LDPE laminate have been selected because of its industrial importance. It is assumed that the pre-crack is located in the stiffer material and that the interface is a perfect bond between the two materials. Both materials are assumed to be the homogeneous.
Basic Equations
According to Zak and Williams [1] , the stress distribution in the vicinity of a tip of a crack that is perpendicular to a bi-material interface can be written:
Here, σ 0 is a remotely applied stress, ξ 0 is a non-dimensional geometry dependent coefficient and λ 0 is obtained as the largest root in the interval 0 ≤ λ 0 < 1 of the following generating equation:
The angular functions f ij are known (cf. [1] ). Above, α and β are the two so called Dundurs' parameters [7] :
where 
According to [3] , this is so even in a finite solid in the region of 0<r/a o <1.0 for σ x and 0<r/a o <0.5 for σ y .
A deflecting crack, a, along the interface is, according to [8] , surrounded by the stress field
where g ij are known angular functions (cf. [1] ), σ ∞ is a remotely applied stress and η 1 is a geometry dependent constant. If the crack propagates a short distance, a, along the interface, via a kink, the stress surrounding the tip of the kink should be the stress field given in Eq. 1. The stresses in the field of Eq. 1 therefore form a boundary layer that embedded the crack tip and the kinking crack. Thus the stresses o ij σ in Eq. 1 replace the remote stresses o ∞ σ in Eq. 5. Thus, the result is readily obtained as:
Here a geometry dependent coefficient 1 ξ replaces the constants 0 ξ and 1 η and
Eq. 6 is valid as long as the kink is fully embedded by the stress field related to Eq. 1. Similarly, the tip of a penetrating crack with the length, a, extending into the second material is surrounded by a stress field
where η 2 is an introduced geometry dependent constant. The angular functions h ij are known as the angular functions of the Williams expansion. After replacing the stress ∞ σ in Eq. 8 with o ij σ defined in Eq. 1, the following expression is obtained for a penetrating crack embedded by the field related to Eq. 1.
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Here ξ 2 is a constant. By Eq. 6 and Eq. 9, the crack tip driving force, G, may be written as follows
. (10) Here, ξ is a constant related to Dunders' parameters. In the case when the crack deflects a distance a into the interface ξ = ξ 1 (α, β). While in the case when the crack penetrates a length a into a homogenous material ξ = ξ 2 , cf. [8] .
One can also relate the crack tip driving force to the elastic energy release rate through [9] :
Here ∆ is an applied constant displacement imposed on the edges of the specimen and B is assumed to be 1 mm for the present analysis. P is the resulting reaction force. After integrating over the full growth of the kink along the interface or equally over the full growth of the straight crack, Eq. 11 can be written as:
Here the growth is in both cases considered as starting from the original crack with the length a o . By using Eq. 10, the left side of the Eq. 12 becomes:
Hence, after using the relation of Eq. 10, we finally obtain,
This result is now based on the assumption that the stress fields described by Eq. 6 or alternatively Eq. 9 are valid. With Eq. 14 we are now equipped with a tool for evaluation of the asymptotic fields with regard to their applicability for larger kinks and for cracks extending far into the second material. The limitation to the applicability of the asymptotic fields will reveal itself as a difference of G calculated using Eq. 10 and Eq. 14 by inserting the calculation results with finite element method. 
Finite Element Analysis
A general purpose finite element code [10] is used for the calculations. In total 7351 eight node plane elements with reduced integration is used. The ratio of the linear extent of largest versus the smallest element is 862. Due to the symmetry, only half of the geometry is modelled. In the case of penetration or deflection, a crack with the length a p or a d is placed as shown in Fig.  1 . A series of reaction forces P can be obtained. Thus, the crack tip driving force, G p or G d , can be calculated for different crack lengths by applying Eq. 14. Fig. 2 shows the normalized crack tip driving force G d /G o and G p /G o for a pre-crack a o that penetrates or deflects a distance a from the interface. It is assumed that the pre-crack a o is in the stiffer material and that the interface is perfectly bonded.
Results and Discussions
The Dundurs' parameter α = -0.992 meaning that the stiffness of the stiffer material 2 is around 250 times larger than the stiffness of the weaker material 1 (cf. Fig.1 ). Both the finite element results and the asymptotic results are shown in Fig. 2 . The asymptotic solutions are found to be accurate even for a fairly large amount of crack growth.
Suppose now that the toughness of the interface is equal to Gic and the mode I toughness of the material is equal to Gc. As it has been discussed in [11] , as long as the kink is fully embedded in the stress field Eq. 1 the crack will deflect into the interface and remain there if This may have caused the differences between the result of [8] and the present result (see Fig. 3 ). In the present analysis a ratio of length of kink to length of original crack a/ao = 0.0015 which may, even though small, be insufficient to recover the asymptotic field surrounding the tip of a small kink. For a = -0.992 the result is backed up by the results in Fig. 2b . But for a is larger than, say, 0.3 the result may be questioned.
This computation explains that the probability of crack deflection into the interface at increased displacement is large only if the toughness of the interface is less than half of the toughness of the weaker layer.
A full understanding of the final fracture of an Al-foil / LDPE laminate requires consideration of plastic deformation because of the high ductility of the LDPE layer. The toughness of a ductile material tested using a large-scale geometry cannot easily be transferred to a very small specimen. (a/a o ) 
log(G/G o )
Here, interaction with the Al-foil is expected since the linear extent of the plastic zone is of the same order of magnitude or larger than the thickness of the laminate layers (cf. [12] ).
The crack tip driving force for a very long crack in the interface has a lower limit which equals the elastic energy stored in the two layers of the laminate. For a lower limiting toughness of the interface the crack will, therefore, just spontaneously grow in the interface at a given load.
Conclusions
The fracture of a layered laminate is studied as a cross-section crack propagation. A finite element method is used to calculate driving forces for the crack tip depending on whether the crack will grow into the interface or will just continue straight ahead.
The layer toughness should be confined between a lower limit and an upper limit to ensure delamination.
The results give guidance for the selection of the ratio of material stiffnesses and the ratio of fracture toughnesses of the undamaged layer and the interface to maximize the toughness of the entire structure. Here material properties of an Al-foil and an LDPE polymer laminate was chosen. For these materials, the conclusion is that the toughness of the interface should be at least half of the toughness of the LDPE layer if benefit from the toughening delamination is desired.Large-scale plastic effects were not considered in this analysis. It is anticipated that such effects would limit the reliability of the results for accurate quantitative predictions of ductile materials (e.g. Al-foil / LDPE).
